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Abstract
Raman and Brillouin amplification are two schemes for amplifying and compressing short laser
pulses in plasma. Analytical models have already been derived for both schemes, but the full
consequences of these models are little known or used. Here, we present new criteria that govern
the evolution of the attractor solution for the seed pulse in Raman and Brillouin amplification, and
show how the initial laser pulses need to be shaped to control the properties of the final amplified
seed and improve the amplification efficiency.
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Raman (and later Brillouin) scattering and amplification were first discovered in solid-
state physics [1] and also found applications in gases and molecular vibrations [2–6] as well as
non-linear optics [7, 8]. Raman and Brillouin scattering have also been demonstrated in laser-
plasma interaction, see e.g. Forslund et al. [9]. Plasma-based compression and amplification
of laser pulses via Raman or Brillouin scattering has been proposed to overcome the intensity
limitations posed by solid-state optical systems [10–16]. In the context of Raman or Brillouin
amplification, analytical models have been derived under the assumption that the basic
shape of the growing seed pulse does not change during amplification, while its amplitude
and duration evolve according to well-defined scaling laws [15, 16]. For Raman amplification
(or Brillouin amplification in the weak-coupling regime), this assumption is only correct if the
seed pulse has the following properties: (i) pulse amplitude is proportional to the interaction
time t [17–21], (ii) pulse duration is proportional to 1/t, or bandwidth proportional to t [18–
22], (iii) pulse energy is proportional to t, or inversely proportional to its duration [23–28],
(iv) the asymptotic “pi-pulse” solution is an attractor solution, i.e. a “not quite ideal”
seed pulse will reshape itself into an approximate pi-pulse shape [15, 19, 22, 28–33], (v)
in multi-dimensional simulations where the pulses have a finite transverse width, the seed
pulse acquires a “horseshoe” shape [18, 33–40]. Most of the above also applies to Brillouin
amplification in the strong-coupling regime [16], although the scalings for the seed pulse
duration and amplitude with interaction time are different. In this Letter, we perform the
first detailed and systematic study of the full non-linear evolution of the seed pulse for both
Raman and Brillouin amplification, and derive novel criteria for the optimal shape of the
initial seed pulse before, during and after the interaction, which can be exploited to guide
the design of future experiments and maximize their efficiency. At present, the properties of
the ideal attractor solution for the seed pulse are not used to optimize the design of Raman
or Brillouin amplification experiments.
We define a0 and a1 to be the scaled envelopes of pump and seed pulse respectively,
a0,1 ≡ 8.55 × 10−10g1/2(I0,1λ20,1[Wcm−2µm2])1/2, where g = 1 (g = 1/2) denotes linear
(circular) polarisation. Let ω0 and ncr denote the pump laser frequency and critical density,
and ne and ωpe the background electron density and corresponding plasma frequency. The
group velocity of the pump pulse is vg = c
2k0/ω0 = c(1−ne/ncr)1/2 and the electron thermal
velocity is ve = (kBTe/me)
1/2.
For Raman amplification, the envelope equations for pump, seed and plasma wave take
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the following form [15]:
(∂/∂t± vg∂/∂x)a0,1 = ∓iΓRa1,0b(∗), (1)
(∂/∂t+ 3v2e(k/ωpe)∂/∂x)b = −iΓRa0a∗1, (2)
where ΓRa0 denotes the Raman backscattering growth rate in homogeneous plasma and b ≡
αRδne/ne with δne the envelope of the electron density fluctuations driven by the beating of
pump and seed pulses, and αR to be determined. Comparing these equations to the envelope
equations by Forslund et al. [9] yields ΓRαR = ω
2
pe/(4ω0) and ΓR/αR = c
2k2/(4gωpe), where
k ≈ 2k0 ≈ 2ω0/c is the wave number of the RBS Langmuir wave (for ωpe  ω0). Then
ΓR = [ω0ωpe/(4g)]
1/2 and αR =
√
g(ωpe/ω0)
3/2/2, with (1)-(2) valid for a0 < awb = αR/
√
2
[15].
Following Malkin, Shvets and Fisch [15], or Menyuk, Levi and Winternitz [6], we define
ζ = x/c + t, t′ = Γ2Ra
2
00t and ξ = 2
√
ζt′ where a00 denotes the pump pulse amplitude.
Attractor solutions to the above system can then be obtained in terms of ξ alone. In
particular, the first peak of the growing seed pulse can be approximated by a1(ζ, t
′) ≈
(2t′/ΓRξ)∂u(ξ)/∂ξ where u(ξ) = 2
√
2 arctan[ exp(ξ)/(4
√
2piξ)], with  < 0.1 depending on
the initial seed pulse B-integral. The function ∂u(ξ)/∂ξ has an amplitude A ≈ 1.29 and a
width ∆ξ ≈ 2.65, mostly independent of , while the position of its maximum, ξM , obeys
5 < ξM < 7 for practical values of  [15, 18]. Let ∆ζ denote the width of the first peak
of a1(ζ, t
′) for fixed t′ and let ξ1,2 = ξM ± ∆ξ/2. Then ξM∆ξ = (ξ22 − ξ21)/2 = 2t′∆ζ. For
ξ = ξM , we find that ||a1|| = 2At′/(ΓRξM), ∆ζ = ξM∆ξ/(2t′). We consider pump and seed
pulses with durations τ0 and τ1 (after amplification), and setting ∆ζ = τ1 and t = τ0/2 (for
an interaction time t, the counter-propagating seed pulse consumes 2t of pump pulse), we
find:
Γ2Ra
2
00τ0τ1 = ξM∆ξ ≈ 15, (3)
ΓR||a1||τ1 = A∆ξ ≈ 3.4. (4)
The asymptotic energy transfer efficiency for the first peak is then given by η =
||a1||2τ1(t)/(2a20t) = A2∆ξ/ξM ≈ 4.4/ξM . Thus, η is constant for a given configuration,
and decreases with increasing ξM . We confirm these predictions in our simulations below.
The purpose of these equations is as follows. Eq. (3) allows one to derive scalings for
the seed pulse duration τ1(t) and amplitude a1(t), and also to tune these parameters via the
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intensity of the pump pulse [33]. Eq. (4) provides a relationship between seed pulse duration
and amplitude that does not depend on the pump pulse at all (the only combination of a1
and τ1 with this property). This is important for the tailoring of the initial seed pulse in
experiments: τ1(0) and a1(0) are not independent parameters, but should obey Eq. (4)
for optimal energy transfer, otherwise the seed pulse will first reshape itself and only be
amplified after that [30–33], reducing the amplification efficiency.
Brillouin scattering in the so-called weak-coupling regime [9, 12, 14, 41–43] is very similar
to Raman scattering and can be treated in the same way. We introduce ωpi = ωpe
√
Zme/mi
and cs = ve
√
Zme/mi. For a
2
00 < 8g(ω0/ωpe)
2csv
2
e/c
3, the electron pressure is the dominant
restoring force and the plasma wave dispersion is not significantly affected by the beating
between pump and seed pulses. In that case one can reuse equations (1)-(2) and only needs
to replace 3v2e(k/ωpe) by cs in (2). For backward Brillouin scattering, the ion-acoustic wave
has wave number ks = 2k0 and frequency ωs = csks = 2csk0. Then we find ΓBαB =
ω2pe/(4ω0) and ΓB/αB = c
2c2sk
2
s/(4gωsv
2
e), leading to ΓB = cωpeωs/(4ve
√
gω0ωs) and αB =
√
gveωpe/(c
√
ω0ωs). After substituting ΓB, αB for ΓR, αR, all the above results for Raman
amplification also apply to the weak-coupling Brillouin case, including Eqns. (3) and (4),
the wave breaking threshold awb = αB/
√
2, the numerical constants 5 < ξM < 7, ∆ξ ≈ 2.65
and A ≈ 1.29, and the seed pulse scalings.
For a200 > 8g(ω0/ωpe)
2csv
2
e/c
3 or Γa0/ω0 > cs/c, the ponderomotive pressure from the
beating between pump and seed pulses will take over from the thermal pressure as the
primary restoring force for the ion-acoustic wave. In this regime, called strong-coupling (sc)
Brillouin scattering, the equation for the plasma wave becomes [16]:
∂2b/∂t2 = −αscc2k2ω2pi/(2gω2pe)a0a1 = −Γ2sca0a1. (5)
From (1) and (5) and using k = 2k0 = 2ω0vg/c
2 as before, we find: Γscαsc = ω
2
pe/(4ω0) and
Γ2sc/αsc = c
2k2ω2pi/(2gω
2
pe). This yields [9, 16, 44]:
Γsc = [(vg/c)
2ω2piω0/(2g)]
1/3 = (2ωsΓ
2
B)
1/3, (6)
Ωsc = ωsc + iγsc = [(1 + i
√
3)/2]Γsca
2/3
00 , (7)
where ωsc and γsc denote the frequency and growth rate of the ion-acoustic wave. Following
the approach by Andreev et al. [16], we define t′ = Γsca
2/3
00 t, ζ = Γsca
2/3
00 (t + x/vg) and
ξ = ζ
√
t′. Again, attractor solutions to the system (1) and (5) can be obtained in terms of ξ
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alone. In particular, the resulting seed pulse will scale as a1(ζ, t
′) = a00(t′)3/4f(ξ) where f(ξ)
has a fixed duration ∆ξ ≈ 3.3 and an amplitude A ≈ 0.62 [16, 32]. Using ∆ξ = (∆ζ)√t′
for fixed t′, ||a1|| = a00A(∆ξ/∆ζ)3/2 and inserting ∆ζ = Γsca2/300 τ1 and t′ = Γsca2/300 τ0/2 for
pump and seed pulses with durations τ0 and τ1 into ∆ξ yields:
Γ3sca
2
00τ0τ
2
1 = 2(∆ξ)
2 ≈ 22, (8)
Γ3sc||a1||2τ 31 = A2(∆ξ)3 ≈ 13.8. (9)
The scaling for the seed pulse duration is then τ1(t) = ∆ξ/(Γ
3/2
sc a00t
1/2), and the asymptotic
efficiency is η = a21(t)τ1(t)/(2a
2
00t) = A
2∆ξ/2 ≈ 0.63. The role of (8) and (9) matches that
of (3) and (4) for Raman amplification.
To verify the validity of Eqns. (4) and (9), we have carried out one-dimensional particle-
in-cell simulations using the codes XOOPIC [45] and OSIRIS [46]. We used a long pump
laser beam with constant amplitude a0 and wave length λ0 = 1 µm (ω0 = 2pic/λ0,
ncr = ε0meω
2
0/e
2), a long plasma column with constant electron density n0 and plasma fre-
quency ωpe, and a seed pulse with initial amplitude a1(0) = a0 and duration τ1(0). For the
Raman simulations, we used a plasma density corresponding to ωpe/ω0 = 1/15, pump laser
amplitudes awb/4, awb/2, 3awb/4, awb and 2awb, with awb adjusted for each plasma density,
and pump pulse durations up to 2 × 105/ω0 ≈ 112 picoseconds. We use τ1(0)/τR = 0.1,
0.5, 1.0 and 2.0, where τR[s] = 4.22 × 10−6λ0[µm](ne/ncr)−1/4(I1λ21[Wcm−2µm2])−1/2 is
taken from (4). For the Brillouin simulations, we used mi/(Zme) = 1836, a plasma
density ne = 0.3ncr and pump amplitudes a0 = 0.0085, 0.027 and 0.085, correspond-
ing to 1014, 1015 and 1016 W cm−2, and pump pulse durations of 11.4 ps, 3.8 ps and
1.1 ps respectively. We use τ1(0)/τB = 0.1, 0.2, 0.5, 1.0, 2.0 and 5.0, where τB[s] =
1.78× 10−9λ0[µm][(Zme/mi)(ne/ncr)(1− ne/ncr)(I1λ21[Wcm−2µm2])]−1/3 is taken from (9).
The parameters of the simulations are discussed at length in the Supplementary Information
[47].
In Figure 1, we show the evolution of ω0τ1 versus a1 for simulations of Raman (left) and
Brillouin (right) amplification, to demonstrate the “attractor” nature of the optimal seed
pulse solutions (4) and (9). The dashed lines in each frame represent Eqns. (4) and (9)
evaluated for these cases. The top two frames show (ω0τ1,a1) for various initial pump and
seed pulse intensities, where τ1(0) = τR or τ1(0) = τB in each simulation. We find that
the evolving seed pulses closely follow the analytical predictions, irrespective of the pump
5
100
200
2000
500
1000
(B1)
a1
10-2 10-110-3 100
102
103
104
(R1)
(B2)
10-2 10-110-310
2
103
104
(R2)
100
200
2000
500
1000
50
20
0.3 0.5 1.00.70.1 0.2
10-2 10-1 100
τ 1
ω
0
τ 1
ω
0
a1
τ 1
ω
0
τ 1
ω
0
a1
a1
Figure 1: Evolution of duration (τ1) versus peak amplitude (a1) of Raman (R1,R2) and sc-Brillouin
(B1,B2) amplified pulses for different pump amplitudes (R1,B1) or initial seed durations (R2,B2),
demonstrating the attractor nature of the ideal solutions. R1: n0/ncr = 0.0044, and a0/awb = 0.25
(black), 0.5 (green), 1.0 (blue) and 2.0 (red), with initial seed amplitude a1 = a0 for each case.
B1: n0/ncr = 0.3, and a0 = 0.0085 (black), 0.027 (blue) and 0.085 (red); again, a1 = a0. R2:
n0/ncr = 0.0044, a1 = a0 = 0.75awb. The initial durations of the seed pulse are τ1/τR = 0.02
(black), 0.1 (blue) 0.5 (green), 1.0 (orange) and 2.0 (red). B2: n0/ncr = 0.3, and pump and seed
amplitudes of a0 = a1 = 0.085. The initial durations of the seed pulse are τ1/τB = 0.1 (purple),
0.2 (blue), 0.5 (green), 1.0 (orange), 2.0 (red), and 5.0 (black). The dashed lines correspond to
Eqns. (4) for Raman and (9) for sc-Brillouin respectively.
intensity chosen in the simulations, proving that the predictions by (4) and (9) for Raman
or Brillouin amplification represent “attractor” solutions and remain valid over a wide range
of pulse intensities. For a1(t) and τ1(t), we find that a1(t) ∝ t and τ1(t) ∝ 1/t for Raman
amplification and a1(t) ∝ t3/4 and τ1(t) ∝ t−1/2 for sc-Brillouin, although minor aberrations
from these scalings were found at the highest pulse intensities due to non-linear effects not
covered by the three-wave models, e.g. when the seed pulse becomes powerful enough to
drive a wakefield. The bottom two frames show (ω0τ1,a1) for fixed pulse intensities, while
the initial pulse duration was moved away from the analytical predictions. We find that
in each case the seed pulse first evolves until the pair (ω0τ1,a1) matches (4) or (9), and
then amplifies as dictated by these equations. This specific behaviour was found in all our
simulation results, irrespective of the plasma density or pump pulse intensity we used. This
proves the following: (i) the pi-pulse solution for Raman and its Brillouin equivalent are
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indeed attractors, as predicted [15, 16], and (ii) changing the initial seed pulse duration has
no significant effect on the end result, so τ1(0) should not be treated as a free parameter.
The free parameters for both Raman and Brillouin amplification are the pump wave length
λ0 and the density ratio n0/ncr; once these two are chosen, the position of the attractor
(τ1, a1) curve is completely determined by (4) or (9). The intensities of the pulses determine
the speed at which the seed pulse evolves, but not the trajectory of (τ1(t), a1(t)).
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Figure 2: (R1,B1): temporal delay ∆t in reaching a given intensity amplification level (25× Ipump)
for seed pulses with various initial durations, for the same cases as shown in frames (R2,B2) of
Figure 1. (R2,B2): efficiency of the amplification process for these same cases; ∆E1 is the seed
energy gain, E0 is the absorbed pump energy.
In Figure 2(R1,B1), we show the time needed for seed pulses with different initial dura-
tions to reach a given intensity (25× Ipump), for the same cases as shown in frames (R2,B2)
of Figure 1. We find that amplification is optimal when 0.2 < τ1(0)/τR,B < 0.5, (τR,B
given by (4) or (9)) while significant delays are incurred for τ1(0)/τR,B > 1 or < 0.2. In
Figure 2(R2,B2) we show the efficiency of the amplification process for these same cases
(∆E1 ≡ E1(t) − E1(0), so ∆E1 < 0 means that the seed pulse is losing energy rather
than gaining). Unsurprisingly, a longer delay in amplification is always accompanied by a
lower efficiency. For Raman amplification in particular, we also find that (i) the asymp-
totic efficiency is mostly constant, (ii) the cases showing the longest delay also exhibit the
lowest asymptotic efficiency. This corresponds to the notion that the Raman efficiency is
η ≈ 4.4/ξM (see above) and that ξM increases for non-ideal initial seed pulses that incur
longer delays, in line with predictions for ξM in Ref. [15]. So a poorly chosen initial seed
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pulse duration will affect the entire amplification process, not just the initial stages. Also,
the longest delays correspond to an interaction length of several mm, longer than what is
used in many experiments [27, 48–50]. This highlights the need to choose the initial seed
pulse parameters according to Eqns. (4) and (9).
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Figure 3: Left: map of (a1, τ1) of successfully amplified seed pulses via Raman amplification (blue),
sc-Brillouin amplification at over-quarter-critical densities (red) and sc-Brillouin amplification at
sub-quarter-critical densities (orange). The points are taken from 1-D PIC simulations while the
shaded areas indicate predictions by Eqns. (4) and (9). Right: The same data shown on the left
is presented in a map of seed fluence versus seed intensity, for 1 µm pump pulse wave length.
To make the connection with past Raman or Brillouin amplification experiments, we have
applied our findings to the initial conditions of various Raman [27, 48–50] and Brillouin
amplification experiments [51, 52]. For the initial seed pulses in the Raman experiments,
we find that ΓRa1τ1 = 0.13 [27, 48], 0.22 [49], or 0.86 [50], well below our value of 3.4. For
the Brillouin experiments, we find that Γ3sca
2
1τ
3
1 = 8.6 [51] or 1.31 [52] again below our value
of 13.8. Interestingly, the output pulse after the first pass of the experiments by Ren et al.
[27, 48] has ΓRa1τ1 ≈ 3.5, matching our predictions. Thus, future experiments need either
more powerful seed pulses (up to two orders of magnitude extra power for Raman and one
order for Brillouin, for similar duration) or longer interaction distances, to allow the pulses
time to reshape themselves. We also note that the experiments with the biggest energy gain,
Refs. [48, 51] are also the ones using pulses that match our predictions most closely.
In Figure 3, we compare 1-D simulations of Raman amplification at 0.0025 < n0/ncr <
0.01 (blue) and sc-Brillouin amplification at mi/(Zme) = 1836, 0.275 < n0/ncr = 0.325
(red) and 0.0075 < n0/ncr = 0.0125 (orange). The density ranges have been chosen to
minimize the impact of unwanted instabilities [39]. The dots mark the simulation results,
while the shaded areas mark the predictions by Eqns. (4) and (9). The left frame shows
τ1 versus a1 for the amplified seed; the right frame shows the energy flux F1 = I1τ1 versus
8
intensity I1 for the same cases. All simulation points lie within the theoretically predicted
shaded regions, highlighting the robustness of (4) and (9) for a broad range of parameters.
Note that Raman and high-density sc-Brillouin produce the shortest pulses and highest
intensities. Low-density Brillouin amplification reaches lower peak intensities but yields the
highest pulse fluence because of longer pulse durations. These results serve as an important
guide when choosing not only the laser and plasma parameters, but also the preferred
amplification scheme when designing an experiment to obtain a desired output pulse.
Finally, we applied our findings to the results of previously published 2-D Raman and
Brillouin simulations [39, 53], where both the seed pulse amplitude and duration depend on
the transverse coordinate r. We found that even if a1(r) and τ1(r) depend on r individually,
they still obey Eqns. (4) and (9). For example, for seed pulses with a Gaussian envelope,
a1(x2) ∝ exp(−r2/w20), this results in a horseshoe envelope τ1(r) ∝ exp(r2/w20), as seen in
Refs. [18, 33–40]. For donut-shaped seed pulses with orbital angular momentum, this even
results in a “double horseshoe” envelope [53]. These findings are discussed at length in the
Supplementary Material [47]
We have explored the full non-linear evolution of the seed pulse in Raman and Brillouin
amplification, and derived essential criteria governing a1(t) and τ1(t), in particular specific
products of a1 and τ1 that are independent of the pump pulse properties. We have proved the
validity of these criteria in 1-D and 2-D particle-in-cell simulations. Furthermore, we have
demonstrated the importance of choosing the initial seed duration wisely: a non-optimal
value for this parameter (far from the ideal attractor solution) will delay amplification of
the seed pulse and reduce efficiency. In relation to experiments on parametric amplification,
our results provide unique criteria for their design, and novel predictions for the properties
of the amplified seed pulse, and advice on which scheme to choose to obtain the desired end
result. Since the ideal amplified seed pulse assumes the shape of a cnoidal wave [2, 15, 16],
our results also explain the “bursty behaviour” observed in Brillouin scattering [54, 55],
as the scattered radiation assumes a very similar shape. Since the equations for Raman
scattering in solid-state physics or non-linear optics have a shape similar to Eqns. (1)-(2)
(see Refs. [2–8]) our results will be useful for Raman and Brillouin scattering in general
(not just in plasma), or to any optical three-wave process with Kerr or χ(3) non-linearity
and counter-propagating pulses, ensuring a wide range of applications.
This work has been carried out within the framework of the EUROfusion Consortium and
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Parameters of the numerical simulations. For the simulations in the main manuscript, we
have used the particle-in-cell codes XOOPIC [45] and OSIRIS [46]. The parameters are
discussed in detail here. We distinguish numerical parameters (spatial resolution, time
step, number of particles per grid cell) and physical parameters (laser pulse duration, spot
diameter and amplitude, plasma density, plasma species, laser-plasma interaction length,
etc.)
Both the Raman and Brillouin runs that have been performed with for figures 1 and
2 of maion manuscript have been done using a moving simulation window. This window
followed the seed pulse, while the pump pulse was brought into the simulation box via a
time-dependent boundary condition.
The numerical parameters were as follows. For the Raman runs (frames R1 and R2 in
both figures of the main manuscript), the spatial resolution was 50 points per pump laser
wavelength (i.e. dx = 21 nm). The time step was given by dt = 0.95dx/c. The number
of particles was 100 particles per cell per species. The interpolation between particles and
grid was done using quadratic splines. Ions were treated as an immobile background. For
the Brillouin runs (frames B1 and B2 in both figures of the main manuscript), the spatial
resolution was dx = 0.5λD, where λD is the Debye length. This corresponds to about 220
points per pump laser wavelength (i.e. dx = 4.8 nm). The time step was again dt = 0.95dx/c.
The number of particles was again 100 particles per cell per species, and cubic splines were
used for interpolation.
The physical parameters were as follows. The pump laser wave length was 1 µm for both
the Raman and Brillouin simulations. The seed laser wave length for the Raman simulations
was 1.07 µm, chosen to ensure that ω1 = ω0−ωpe. The seed laser wave length for the Brillouin
runs was 1 µm. (This hardly matters since the frequency difference between pump and seed
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pulses in Brillouin amplification is considerably less than the seed pulse bandwidth.) For
the Brillouin runs in figure 1, frames B1, the interaction length was about 2 × 104c/ω0,
8 × 103c/ω0, and 2 × 103c/ω0 for the simulations with pump intensity 1014, 1015 and 1016
W/cm2 simulations of frame B1. The interaction lengths for the simulations in figure 1,
frame B2, are 2× 103c/ω0 in each case. This corresponds to an interaction distance of 335
micron, or a 2.2 ps pump pulse duration. The interaction distance for the Raman runs in
figure 1 was up to 105c/ω0 or up to 16 mm in each case.
The interaction distance for the simulations displayed in figure 2 is up to 105c/ω0 for the
Raman runs, and up to 2× 103c/ω0 for the Brillouin runs.
The plasma density was chosen to be ne = ncr/225 for the Raman simulations, and
ne = 0.3ncr for the Brillouin simulations. The plasma electron temperature was chosen to
be 1 eV for the Raman simulations and 500 eV for the Brillouin simulations.
Transverse effects. In a multi-dimensional setting, the amplitude a1 and duration τ1 of the
growing seed laser pulse will of course depend on the transverse coordinate x2. The same
holds true for the location of the seed pulse maximum, τM . This leaves an imprint on the full
shape of the envelope when parametric amplification is studied in more than one dimension.
From Equations (4) and (9), we find that the x2-dependence of the amplitude a1 also
induces an x2-dependence of the duration τ1, even for fixed t. For example, for seed
pulses with a Gaussian envelope, a1(x2) ∝ exp(−x22/w20), this results in a horseshoe en-
velope τ1(x2) ∝ exp(x22/w20) [18, 33–40]. For donut-shaped seed pulses with orbital angular
momentum, this even results in a “double horseshoe” envelope [53]. We will verify such
horseshoe seed pulse shapes against Eqns. (4) and (9) here.
In Figure 4, we verify the horseshoe shape of seed pulses after amplification. Here, we
present the analysis of a 2-D Raman simulation (R), taken from Ref. [39], Figure 2a, a
3-D Raman simulation with orbital angular momentum and a doughnut-shaped seed pulse
intensity envelope (OAM), taken from Ref. [53], Figure 1a and 2a, and a 2-D sc-Brillouin
simulation (B), using mi/(Zme) = 1836, n0/ncr = 0.3 and a0 = 0.027. Frames R1, OAM1
and B1 show the vector potential envelopes for these pulses. Frames R2, OAM2 and B2
show a1(x2), ω0τ1(x2) and ΓRa1(x2)τ1(x2) and A∆ξ ≈ 3.4 (R2,OAM2) or Γ3sca21(x2)τ 31 (x2)
and A2∆ξ3 ≈ 13.8 (B2), all versus transverse coordinate x2. In all cases, the curved shape of
the seed pulse is well described by Eqns. (4) or (9). Even for strange pulse envelope shapes,
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Figure 4: Analyzing the curved shape of the amplified seed pulse for Raman (R) and Raman with
OAM (OAM) and Brillouin (B) amplification in multi-dimensional simulations. The top frames
show the amplitude envelopes of the amplified seeds. The bottom frames show a1(x2) (red) and
ω0τ1(x2) (blue) versus the transverse coordinate x2. The products a1(x2)ΓRτ1(x2) (R,OAM) and
a21(x2)[Γscτ1(x2)]
3 (B), given by black curves, are then verified against Eqns.(4) and (9) (dashed
lines).
like the “donut” shape of the pulse with OAM, the relationships between pulse amplitude
and duration still hold. The presence or absence of parastic instabilities does not have
much of an influence on this behaviour. For example, in Ref. [39], one can see numerical
simulations of two Raman-amplified laser pulses, one with and one without filamentation.
Both pulses exhibit the horseshoe shape predicted here.
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